We analyze a measurement scheme that allows determination of the Berry curvature and the topological Chern number of a Hamiltonian with parameters exploring a two-dimensional closed manifold. Our method uses continuous monitoring of the gradient of the Hamiltonian with respect to one parameter during a quasiadiabatic quench of the other. Measurement backaction leads to disturbance of the system dynamics, but we show that this can be compensated by a feedback Hamiltonian.
Since the pioneering work on topological phases of matter by Kosterlitz, Thouless and Haldane [1] [2] [3] , quantum states with nontrivial topological properties have constituted a very active research field. Topological invariants, such as the Chern number [4] characterize how the system ground state (or an excited state) varies when the system Hamiltonian explores a closed two-dimensional manifold of parameter values. States with nontrivial topology in extended quantum systems are associated with, e.g., the variation of Bloch wave functions over a two-dimensional Brillouin zone [5] , while the ground state of a single spin under variation of the direction of an external magnetic field constitutes a simple example where a topological transition may be witnessed by a discrete change in the Chern number [6] .
Topological properties are not derived from a single state but depend on how, the eigenstates of different, continuously varied Hamiltonians are connected. This is quantified by the Berry phase [7] , associated with the evolution of a quantum system under adiabatic variation of the Hamiltonian. In addition to a dynamical phase, −´dt ′ E n (t ′ )/ , governed by the energy eigenvalue, the nth eigenstate of the system acquires a geometric (Berry) phase, i´ φ n |∇ R |φ n dR, along the curve explored by the Hamiltonian in parameter space. By parametrizing R = (µ, ν), one can define the Berry connection
and the Berry curvature,
whose integral over any surface in parameter space by Stokes theorem yields the Berry phase for the closed boundary curve. When the surface integral is extended to a closed manifold (no boundary), it must yield 2π times an integer C, which in the classical Gauss-Bonnet theorem [8] is identified with the genus of the manifold and which in the quantum case defines the topological Chern number,
where dS µν is a surface element in the parameter space. The restriction of Chern numbers to discrete values is associated with the topological properties of the system and explains the robustness of physical phenomena such as the integer quantum Hall effect [9] [10] [11] . The inherent robustness implies reduced sensitivity to small perturbations and decoherence, suggesting quantum systems with nontrivial topology as promising building blocks in a quantum computer [12] . In this work, we focus on the Berry curvature and Chern number associated with a particular system eigenstate |φ 0 [13] . Due to the dependence of the eigenstates on a manifold of different Hamiltonians, the Chern number is not directly related to an experimental observable. Recently, however, Polkovnikov and Gritsev [6] have shown that the slowly quenched dynamics of a quantum system permits identification of the Berry curvature as the expectation value of the gradient of the Hamiltonian: If the quantum system is subject to a slow quench of the Hamiltonian parameter ν with a rate of change v, the operator f µ ≡ −∂ µ H has the expectation value
The Berry curvature and the Chern number can hence be inferred from an experiment by measuring the physical observable f µ and extracting its linear dependence on v.
The protocol suggested in Ref. [6] has recently been demonstrated by the evolution of a superconducting qubit subject to a time-dependent microwave field [14] whose detuning and Rabi frequency act in a manner equivalent to z and x magnetic field components on a spin-1/2 particle. Perfect adiabatic evolution accom- plishes a Bloch vector rotation in the xz plane. The gradient of the Hamiltonian along the azimuthal direction is then proportional to the spin component σ y which, indeed, acquires a finite expectation value proportional to v under a quasiadiabatic sweep. The Bloch spheres inserted in Fig. 1 show the trajectories traced by the qubit Bloch vector for different quench times and for sweeps of the field parameters causing a flip of the spin (left insert) and a return to the initial state (right insert), respectively. The shorter quench times yield the larger nonadiabatic deviation of the quantum states and the larger expectation values of σ y . Combining the outcomes of repeated projective measurements of σ y after different partial sweeps of the Hamiltonian parameters in Ref. [14] reveals a transition between different values of the Chern number depending on the directional solid angle explored by the effective magnetic field.
Rather than performing a sequence of partial sweeps, it is an attractive possibility to experimentally extract the Chern number and Berry phase by continuously monitoring the system during a full quench of the Hamiltonian. In this Rapid Communication, we shall analyze a protocol that allows such measurement. As an alternative to projective measurements, we apply a weak dispersive probe which in the qubit example provides a signal with a mean value proportional to the time-dependent expectation value of σ y . For sufficiently weak probing, we can disregard the measurement backaction on the system, but the signal will be dominated by detector shot noise. Stronger probing offers a better signal-to-noise ratio, but back-action will then modify the state and hence the future evolution of the system, reflecting the well-known and fundamental relationship between distinguishability and disturbance of quantum states by measurements [15, 16] .
To cancel the backaction of the strong continuous measurement, we propose to apply a simple continuous feedback on the qubit. As we are not aiming to determine an unknown quantum state but rather to probe a (classical) property of the Hamiltonian governing the system dynamics, there is no fundamental impediment against such a strategy, and we shall demonstrate its achievements with theoretical arguments and simulations.
As in Ref.
[14], we consider a qubit with two levels |g , |e and transition frequency ω q . In a frame rotating at the frequency of the applied microwave drive ω d , the Hamiltonian can be expressed as ( = 1)
Here, σ x , σ y , and σ z are the Pauli operators, ∆ = ω q −ω d is the detuning, Ω is the product of the microwave field amplitude and the qubit transition dipole moment, and φ is the phase of the microwave field. We parametrize the dynamical quench of the detuning and Rabi frequency by a time-dependent polar angle variable θ(t) = vt,
The quench speed v = π/t q , appearing in Eq. (4), is determined by the quench time t q . The Bloch vector components (x, y, z) of a two-level system are defined by the expansion of the density matrix on Pauli spin matrices,
i.e., u ρ = Tr(σ u ρ t ) for u = x, y, z. As shown by the left inset in Fig. 1 , if ∆ 2 /∆ 1 < 1 (assuming both are positive), the microwave frequency performs a chirp across the qubit resonance and the adiabatic qubit Bloch vector (Ω cos φ, Ω sin φ, ∆)/ √ Ω 2 + ∆ 2 passes from the north to the south pole, while if ∆ 2 /∆ 1 > 1, both the initial and final states of the adiabatic evolution are represented by the north pole of the Bloch sphere (right inset).
A rapid quench of the parameter θ, i.e., a small value of t q , causes deviations from the adiabatically evolved state, as clearly illustrated in Fig. 1 . Equations (3) and (4) now yield the expression for the Chern number,
where we have used the independence of the Berry connection and Berry curvature on the azimuthal angle φ to reduce Eq. (3) to a one-dimensional integral along the φ = 0 longitude. A continuous measurement of the σ y observable is performed by injecting a probe field which interacts dispersively with the qubit, and the reflected signal is amplified and demodulated to yield an output voltage signal V (t) [Fig. 2a] ; see, e.g., Refs. [17] [18] [19] . In dimensionless units, V (t) has the form
with a mean value given by the desired qubit expectation value and with random, shot-noise fluctuations. The infinitesimal white-noise Wiener increment dW t has zero mean and variance dt [20] . The noise term dominates the readout if the probe field strength κ is weak or if the detector efficiency η is low. The Chern number C V is deduced from the probe signal by performing the integral (8) with the signal V (t) in place of the expectation value σ y . Due to the Gaussian fluctuations in the signal, the estimated Chern number samples a normal distribution with mean C y , while the white-noise component in the signal (9) yields a statistical error in the estimation of C y from a single quench experiment of magnitude
Upon N repetitions of the experimental sequence, this is reduced to ∆C
As we need the uncertainty to be well below unity to discern the integer values of C y , we demand √ ηκvN ≃ Ω 1 which for small N brings us in conflict with either the near adiabaticity or the assumption of negligible measurement backaction.
To account for the measurement backaction related to continuous monitoring of the σ y observable, we have recourse to the quantum theory of measurement in which the conditional evolution of the density matrix ρ t of the probed qubit is governed by the stochastic master equation (SME) [21, 22] ,
The first term represents the evolution absent probing as described by the Schrödinger equation and depicted in the insets of Fig. 1 . Because of the interaction with the probe field, this evolution is supplemented by the latter two terms, where we define the superoperators
responsible for deterministic decoherence and stochastic measurement backaction, respectively. Under perfect detection (η = 1), the conditional state remains pure and the system lives on the surface of the sphere, while with imperfect detection (0 ≤ η < 1) our inability to trace the state leads to a mixed state inside the Bloch sphere. Henriet et al. [23] have investigated the behavior of the mixed state Bloch vector components and the resulting value of the integral (8) in the case of a qubit coupled to a reservoir of bath degrees of freedom. That study, for not too strong bath coupling, justifies the determination of the Chern number by our procedure, and for clarity we restrict our attention to the η = 1 case. See Ref. [24] for a discussion of the implications of finite detection efficiency.
In the case of a strong probing, the signal will be less noisy but the system will be attracted to one of the eigenstates of the monitored observable, σ y . At this point, both of the last terms in (11) vanish; i.e., in the limit of very large κ, the theory describes a projective measurement. In this case, as exemplified by the simulated blue curve in Fig. 2b , the evolution deviates strongly from the unprobed dynamics and integration of the measurement signal will not yield the Chern number.
This fact can be addressed further by considering the estimate for the Chern number obtained by averaging over a large number N ≫ 1 of experimental runs. The ensemble average or unconditional evolution of the system follows from the master equation (11), but without the last term, which because of the white-noise increment averages to zero. The second term describes the average measurement-induced decoherence, which introduces an error in the Chern number as defined in Eq. (8) . The dashed lower curves in Fig. 2d show the Chern number calculated from the solution of the unconditional master equation during a single sweep of the parameter θ. Results are shown for a range of detunings and we assume different values of the measurement strength. The figure confirms our expectations: For (very) weak probing, the procedure yields a result which is compatible with the correct value of the Chern number, but by Eq. (10) distinguishing this value requires a large number of experimental repetitions, N Ω 2 1 /ηκv. For stronger probing, the noise is reduced, but the average measurement backaction disturbs the evolution and we do not obtain a good candidate value for the Chern number. This conclusion is supported by the blue upper curve in Fig. 2c , showing the error in the Chern number at ∆ 2 /∆ 1 = 0 as a function of the probe strength κ. For small κ, the error is ∝ κ, reflecting a system evolution which is maintained only when subject to very weak probing. As seen from the inset, at ∆ 2 /∆ 1 = 2 where the Chern number should be 0, the effect of the probing is three orders of magnitude lower.
Since the statistical error bars are reduced by a factor 1/ √ N if the quench protocol is repeated N times, we can obtain the Chern number by repeated probing with a weak probing strength, but we shall now turn to an alternative approach depicted schematically in Fig. 2a . As the SME (11) provides the evolution of the qubit state, conditioned on the measurement signal, if the state remains pure (which is the case if the measurement is performed with unit efficiency), we can compensate for the measurement back-action by a unitary qubit rotation. Such an approach has been proposed [25, 26] and recently applied in experiments to stabilize an arbitrary state [27] and to sustain Rabi oscillations [28] of a superconducting qubit long after the system would have decayed by spontaneous emission. These works apply feedback based on quadrature detection of the resonance fluorescence from a two-level system. Here we derive a similar capability for a dispersive readout of the σ y component, and we show that it can be used to measure an unknown small deviation of the quantum state from the adiabatic evolution without severely affecting the state. Figure 2a illustrates how the probe signal is directly applied to control the drive strength and detuning parameters of a feedback microwave signal, acting on the qubit by the Hamiltonian,
As detailed in the Supplemental Material [24] , if we assume the values
all the stochastic terms, linear in dW t , cancel. There are, however, corrections which are linear in dt due to correlations between the dW t terms in the SME and in the feedback. Adding a second state-dependent Hamiltonian term,
with [24] 
ensures that the system evolves according to the quench Hamiltonian only. While this feedback may perfectly cancel the measurement backaction, it assumes knowledge of the quantum state and hence of the very observable that we want to measure. However, since our scheme assumes only a small deviation of the quantum state from the analytically known eigenstate of the time-dependent Hamiltonian, we may approximate our feedback operation with the one that we would have applied to restore the adiabatic state if that had been subject to the measurement; i.e., we approximate the values x, y, z in (15) and (17) by the analytically known (time-dependent) Bloch vector components (Ω, 0, ∆)/ √ Ω 2 + ∆ 2 , and obtain a recipe that may be applied in real time during an experiment.
In the case of a quasiadiabatic sweep, the state only deviates slightly from the adiabatic eigenstate, and the feedback error is expected to be small. To assess the effect of this discrepancy, we turn again to the average evolution over many experimental runs, now with the feedback turned on. The unconditional master equation for a system subject to the feedback, Eqs. (14) and (16), is given in the Supplemental Material [24] , and from the solution of this equation during a full sweep of θ, Eq. (8) yields a Chern number candidate. The purple (middle) curve in Fig. 2c shows that the feedback indeed effectively removes the effect of the backaction and that the slight deviation from the adiabatic state used in the feedback parameters yields an error in the Chern number scaling as ∝ κ 2 . This allows much larger values of the measurement strength to be used and hence a significant noise reduction [cf. Eq. (10)] without severely affecting the estimate. However, once the probing strength is increased beyond κ ≃ 0.03∆ 1 the evolution is strongly affected by the feedback, which effectively pulls the state toward the adiabatic eigenstate for which the σ y component and hence C y is zero. In other words, the imperfect feedback sets an upper limit to the probing strength and hence the achievable noise reduction.
In our choice of the experimental parameters Ω 1 , t q , and κ, we are hence presented with a tradeoff, leading to a simple optimization problem: The noise Eq. (10) must be minimized under the constraint that the error in the mean Chern number C y calculated from Eq. (8) is small. As an example, we here perform the optimization at a representative ratio of the detuning parameters here we use ∆ 2 = 0 and require C y > 0.98. The resulting dependence of the integral (8) on the ratio of the detuning parameters is compared to the unprobed results by the upper curves in Fig. 2d and the optimal parameters are given in the figure caption. It is evident that by employing the feedback, we can use much stronger probing and still obtain the expected variation of the Chern number with the detuning parameter.
The achievable noise reduction subject to the constraint imposed by the error tolerance does not allow a full determination of the Chern number from a single physical measurement and one has recourse to perform a number of repetitions. If, for instance, one wishes to distinguish a Chern number of C V > 0.98 from C V = 0 to five-σ accuracy (that is, a probability to assign a wrong Chern number of 0.00003%), one must require ∆C We have implemented the feedback scheme in numerical simulations of the quench and measurement procedure by solving the feedback SME given in Ref. [24] . In Fig. 2b , the dotted magenta curve shows how the evolution of the Bloch vector during a single quench is virtually indistinguishable from the green curve representing the evolution in the absence of measurements. This confirms that with these optimized parameters, the feedback succeeds in canceling the measurement backaction while maintaining a quasi-adiabatic evolution, allowing a dynamical phase transition to be observed.
In Figs. 2e, we plot results for the Chern number C V obtained from the simulated measurement records. In the left panel, we use the optimized sweep parameters and measurement strength and in the right panel we use a much stronger measurement strength. The lines are guides to the eye and their fluctuations are representative of the estimation error on the Chern number from the signal recorded in N ≃ 383 sweeps. The simulations are consistent with the mean value obtained from the unconditional evolution and the shaded areas, illustrating the analytic noise estimate Eq. (10) .
In summary, we have proposed to measure the topological Chern number by continuously probing a physical observable during a full quench of the system Hamiltonian. Our results show that relatively few experimental repetitions are required to obtain an acceptable signalto-noise ratio. While it may also be possible to employ interference protocols to determine geometric phases of a qubit degree of freedom [29, 30] , the arguments and more complicated examples offered in Ref. [6] encourage efforts to experimentally extract the Berry curvature and Chern number by direct measurement of a physical observable.
Whether more complex physical systems also permit an explicit feedback scheme and noninvasive measurements depends on the specific system and on practical experimental capabilities.
Let us finally comment that our continuous noninvasive measurement may be applied to evaluate the integrated effect of any weak perturbation acting on a system, e.g., a small variation in a Hamiltonian strength parameter. For many measurements, a longer probing time T will yield an improved scaling of the resolution with 1/ √ T . Such improvement does not occur for the measurement of the Chern number where the mean signal, σ y , vanishes, while the integrated noise increases in the adiabatic limit of long quench times.
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Supplemental Materials: Measurement of the topological Chern number by continuous probing of a qubit subject to a slowly varying Hamiltonian
FEEDBACK MASTER EQUATION AND OPTIMAL PARAMETERS
To describe the evolution of the density matrix of the system subject to measurement and feedback, we must apply Itô-calculus to treat the noise component of V (t) in the feedback H V as it is correlated with the noise in the SME (10) of the main text and yields a dW 2 t = dt first order contribution in dt. Assuming no delay in the feedback channel and perfect detection (η = 1), the stochastic master equation for a monitored system subject to continuous feedback has been derived by Wiseman and Milburn [S1] ,
To derive the feedback parameters α, β, a and b given in (14,16) in the main text, it is convenient to represent the density matrix in terms of the Bloch vector components as in Eq. (7) of the main text. For η = 1, the stochastic feedback master equation (S1) is equivalent to a set of stochastic Bloch equations,
where the first terms describe unitary evolution governed by the Hamiltonian,
give the measurement back-action in the original SME, and
incorporate the extra terms associated with the feedback. The purpose of the feedback is to cancel both the deterministic and the stochastic effects of the probing. This requirement (0 = du ba + du fb for u = x, y, z) can be met only for a pure state, obeying 1 = x 2 + y 2 + z 2 , and we readily identify how the feedback parameters should depend on the Bloch vector of the current state of the system,
FIG. S1. (Color online) Dynamical evolution of the three Bloch components of a two-level system subject to coherent Rabi oscillations (red curves). Monitoring of the state by continuous probing of the σy observable disturbs the evolution (noisy, green curve), but the system can be stabilized by feedback using the parameters (S5) calculated from the expected Bloch components of the unmonitored system (dashed, blue curve). The Rabi frequency is Ω = 2κ and the laser-atom detuning δ = 1κ. For unit detection efficiency (η = 1) in (a), the feedback completely eliminates the stochastic back-action while with imperfect detection (η = 0.8) in (b) this is not possible.
These are the control parameters given in (14, 16) of the main text.
To illustrate the accomplishments of the feedback protocol, we show in Fig. S1 how the procedure can be used to stabilize monitored Rabi oscillations against measurement back-action. For unit detector efficiency in part (a), we see perfect restoration of the Rabi oscillations, while a reduced detector efficiency η = 0.8 in part (b) of the figure prevents full recovery of the coherent dynamics.
The average evolution of a system subject to continuous probing and the compensating feedback obeys an uncon- ditional master equation,
With the feedback parameters given in Eqs. S5 designed according to the Bloch components of the adiabatic eigenstate, the second term vanishes, but due to the slightly imperfect feedback, the latter three terms describe an effective attraction of the quasi-adiabatic state towards the instantaneous adiabatic eigenstate. The resulting modifications to the Chern number estimate from the measurement current are investigated in the main text.
FINITE DETECTOR EFFICIENCY AND A SIMPLE CORRECTION
As the cancellation of the measurement back-action is crucial to achieve the detection of the Chern number by probing the qubit during a few quenches, we shall briefly explore the effect of imperfect detection for our protocol. A finite detector efficiency η imparts an effective non-monitored dissipation process with rate κ(1 − η). As shown in Ref. [S2] , this is accompanied by a shortening of the Bloch vector over the duration of the Hamiltonian sweep and a corresponding reduction of the value of the estimated Chern number from the integral (8) of the main text.
We illustrate this effect in Fig. S2 for a system subject to our feedback by solving Eq. (S6) for different values of the detector efficiency. The smaller values of η yield a larger reduction in the measurement results for the Chern number. It is evident that the ability of the feedback to (partially) restore the undisturbed evolution of the qubit is reduced under substantial imperfections in the detection.
The state dependent control parameters of the feedback Eqs. (S5) were derived to stabilize the instantaneous state assuming perfect detection. In the case of imperfect detection, it must be noted that the same parameters do not maximize the purity and hence the length of the Bloch vector. An optimal scheme in the case of finite efficiency heterodyne detection is derived in the Supplemental Material of Ref. [S3] , and it stands to reason that a similar approach could be used to optimize the feedback parameters in the present measurement setup.
We choose not to pursue this further at this point. Instead we note that since the main contribution to the reduction in C y stems from the shortened σ y component of the Bloch vector, we may apply a simple post-processing procedure and replace the estimator, Eq. (8) of the main text, by
where |R(t)| = x 2 + y 2 + x 2 is found by solving the unconditional master equation (S6). We find that |R(t)| is only very weakly dependent on the detuning parameters, and we display in insets of Fig. S2 |R(t)| as a function of the sweep parameter θ = vt for ∆ 2 = 2∆ 1 . It quickly drops to a constant value which is maintained during the remaining quench sequence. The blue curves in the main plots show how Eq. (S7) yields fairly good estimates of the Chern number as long as η 0.3. Notice, however, that by Eq. (10) of the main text, under finite detection efficiency, the noise is increased by a factor 1/ √ η which must be remedied by a correspondingly larger number of repetitions N .
